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Nomenclature
A.s/ = cross-sectionalarea of the beam
E.s/ = Young’s modulus of the material
Frv = force per unit arc length in the r direction caused

by the � exural de� ection parameter V
Fµv = force per unit arc length in the µ direction caused

by the � exural de� ection parameter V
Iz.s/ = area moment of inertia of the beam section

about the z axis
L = total length of the neutral axis of the beam
R = radius of the curved beam
s = arc length variable, s D Rµ
U .s/ = longitudinaldisplacement parameter
u = neutral axis displacement of the beam in the µ direction
V .s/ = � exural displacement parameter
v = neutral axis displacement of the beam in the r direction
¯ = angular frequency of the in-plane vibration
½.s/ = mass per unit volume of the beam

Introduction

C URVED-BEAM structureshave beenused in many aerospace,
mechanical, and civil engineeringapplicationssuch as curved

wires in missile-guidance � oated gyroscopes, stiffeners in aircraft
structures, turbomachinery blades, curved girder bridges, brake
shoes within drum brakes, spring design, and tire dynamics. It can
also be used as a simpli� ed model of a shell structure. Research in
this area can be traced back to the 19th century.1;2 An interesting
review can be found in the review papers by Markus and Nanasi,3

Laura and Maurizi,4 Childamparam and Leissa,5 and Auciello and
De Rosa.6

In general, the out-of-planeand the in-plane vibrations of a gen-
eral plane curved beam are coupled. However, if the cross section
of the curved beam is doubly symmetric and the thickness of the
beam is small in comparison with the radius of the beam, then the
out-of-plane and the in-plane vibrations are independent.2;7

Many investigatorshave studied the in-planevibrationsof curved
beams. The associatedgoverningdifferentialequationsare two cou-
pled differential equations in the � exural and the longitudinal dis-
placements. If the beam is uniform, then the coef� cients of the
differential equations are constants. After some simple arithmetic
operations the two coupled differential equations can be reduced
into a sixth-order ordinary differential equation with constant co-
ef� cients in the � exural displacement.2 Hence the problem can be
solvedbydifferentanalyticalmethods,and theexactsolutionscanbe
obtained.2;8¡10 However, it is not the case for the nonuniformbeams.
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Because of the complexity in the coef� cients of the governing
differential equations, the two-coupled differential equations have
never been uncoupled and reduced into sixth-order ordinary differ-
ential equations. Exact solutions for the curved nonuniform beam
problemareonly found in the work doneby Suzuki and Takahashi,11

who gave an exact series solutionto the beams with the same bound-
ary conditionsat both ends.Nevertheless,theirmethodhasdif� culty
in handing the problems with other kind of boundary conditions.
Hence, the problems were studied mainly by approximated meth-
ods such as the Rayleigh–Ritz method,12 the Galerkin method,13 the
transfermatrix method,14 the discreteGreen functionmethod,15 and
the asymptotic analysis of the equations of free vibrations.16

In this Note, by introducingtwo physicalparameters, the analysis
is simpli� ed, and the explicitrelationsbetweenthe � exuraldisplace-
ment and the longitudinal displacement of the system are derived.
With these explicit relations the coupled governing characteristic
differential equations can be uncoupled and reduced to sixth-order
ordinarydifferentialequationswith variable coef� cients in the � ex-
ural displacement. In addition, by employing the explicit relations,
one only has to measure one variable instead of two simultaneously
while performing experimental studies of curved beams. Hence, it
greatly reduces the dif� culty in experimentalmeasurements.

When the radius of a curved beam becomes in� nite, the curved
beams reduces to a straight beam. Consequently, the sixth-order
ordinary differential equation in the � exural displacement should
reduce to a fourth-order ordinary differential equation. However, it
is not possible to perform this limiting process from the reduced
sixth-order ordinary differential equation for the beam,2 and the
limiting study had never been successfully explored before. In this
Note, byemployingtheexplicitrelations,a successfullimitingstudy
is revealed.

Coupled Governing Differential Equations
Consider the in-plane vibrations of nonuniform curved beams of

constant radius R and doubly symmetric cross section, as shown
in Fig. 1. If the thickness of the beam is small in comparison
with the radius of the beam, without considering the shear defor-
mation, the rotary inertia, and the warping effects the governing
differential equations for the in-plane vibrations are two coupled
differential equations in terms of the � exural and the longitudinal
displacements.7

For time-harmonic in-plane vibrations of curved beams with an-
gular frequency ¯ , one assumes

u.s; t/ D U .s/ei¯ t (1)

v.s; t/ D V .s/ei¯ t (2)

The two coupled governing characteristic differential equations of
the system are

Fig. 1 Geometry and coordinate system of a curved nonuniform beam
of constant radius.
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fE I z[.1=R2/U 0 ¡ .1=R/V 00]g0 C fE A[U 0 C .1=R/V ]g0

C ½ A¯2U D 0 (3)

fE I z[.1=R/U 0 ¡ V 00]g00 ¡ E A[.1=R/U 0 C .1=R2/V ]

C ½ A¯2V D 0 (4)

where the primes denotes differentiation with respect to the s vari-
able. The associated boundary conditions are, at s D 0 and L ,

E I z[.1=R2/U 0 ¡ .1=R/V 00] C E A[U 0 C .1=R/V ] D 0

or U D 0 (5)

fE I z[.1=R/U 0 ¡ V 00]g0 D 0 or V D 0 (6)

E I z[.1=R/U 0 ¡ V 00] D 0 or V 0 D 0 (7)

Uncoupled Governing Differential Equation in Terms
of the Flexural Displacement Parameter V

Nonuniform Curved Beams
To simplify the analysis, one de� nes the following two physical

parameters

Frv D .E I z V
00/00 C E A.V=R2/ ¡ ½ A¯2V (8)

Fµv D [E I z.V
00=R/]0 ¡ [E A.V=R/]0 (9)

In terms of Frv and Fµ v , the two coupled governing charcateristic
differentialequationsof the system Eqs. (3) and (4) can be rewritten
as

fE I z[.1=R2/U 0]g0 C .E AU 0/0 ¡ Fµ v C ½ A¯2U D 0 (10)

fE I z[.1=R/U 0]g00 ¡ E A[.1=R/U 0] ¡ Frv D 0 (11)

Substituting Eq. (10) and the equation resulting from differenti-
ating Eq. (10) into Eq. (11), one obtains

1
R

U 0 D
a1

R
U C 1

g1

(
1

E I z

"
2
R

³
E I z

pv

´0

Fµv ¡ Frv

#
C

F 0
µ v

pv R

)

(12)

where pv , g1 , and a1 are given in the Appendix. Differentiating
Eq. (12) and combining it with Eqs. (10) and (12), one can explic-
itly express U , U 0, and U 00 in terms of the � exural displacement
parameter V
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where

qv D
µ

1
g1

³
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E I z
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Fµv

´¶0

(16)

and g2 and a2–a5 are given in the Appendix. Substituting Eqs. (14)
and (15) into Eq. (11), one obtains the uncouplegoverningdifferen-
tial equation, which is a sixth-order ordinary differential equation
in terms of the � exural displacement parameter V :
³
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The associated boundary conditions in terms of the � exural dis-
placement parameter V can be obtained by substituting the explicit
relations (15–17) into the boundary conditions (5–7).

Uniform Circular Beams
For uniform circular beams

a1 D a3 D a5 D 0; a2 D ¡a4 D ½ A¯2
¯

pv

g1 D A=Iz C .½ A=pv/¯2 (18)

Frv and Fµv now are

Frv D E I z V
0000 C E A.V=R2/ ¡ ½ A¯2V (19)

Fµv D E I z.V
000=R/ ¡ E A.V 0=R/ (20)

Substituting Eqs. (18–20) into Eq. (17), it becomes a sixth-order
differential equation with constant coef� cients:

V .6/ C
³

2
R2

C ½¯2

E

´
V 0000 C

µ
1
R4

¡ ½

E
¯2

³
A

Iz

C 1
R2

´¶
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C ½ A

E I z
¯2

³
1
R2

¡ ½¯2

E

´
V D 0 (21)

where V .6/ indicates the sixth derivate of V with respect to s. This
equation is the uncoupledgoverningdifferential equationof an uni-
form circular beam and is the same as the one given by Lee.17

Nonuniform Straight Beams
When the radius of a curved beam approachesin� nite, the curved

beam becomes a straight beam. Hence, by setting R as in� nite, the
reduced sixth-order ordinary differential equations (17) and (21)
should reduce to fourth-order differential equations. However, it
can be found that it is not possible to take such a direct limiting
study. In this section, by employing the explicit relations (14) and
(15), a successful limiting study is revealed in the following.
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By letting R be in� nite in Eqs. (10) and (11), Frv and Fµ v reduce
to

Fµv D 0 (22)

Frv D .E I z V
00/00 ¡ ½ A¯2V (23)

Equation (17) becomes
»

E I z

µ³
½ A¯2 C a1 p0

v

a2 pv

´³
Frv

g1 E I z

´0

¡
³

a3½ A¯2 C a4 p0
v

pv g1a2 E I z

´
Frv

¶

C .E I z/
0

µ
a1

a2

³
Frv

g1 E I z

´0

C
a4

g1a2 E I z

Frv

¶¼ 0

¡ E A

µ
a1

a2

³
Frv

g1 E I z

´0

C
a4

g1a2 E I z
Frv

¶
¡ Frv D 0 (24)

The explicit relations Eqs. (14) and (15) are reduced to
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³
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g1 E I z
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SubstitutingEqs. (25) and (26) to Eq. (24), the sixth-ordergovern-
ing differential equation can be reduced to a fourth-order ordinary
differential equation

Frv D .E I z V
00/00 ¡ ½ A¯2V D 0 (27)

By setting R as in� nite, the boundaryconditions(6) and (7) become

.E I z V
00/0 D 0 or V D 0 (28)

V 00 D 0 or V 0 D 0 (29)

Equation (27) and Eqs. (28) and (29) are the governing differential
equation and the associatedboundary conditions for the � exural vi-
bration of a straightnonuniformbeam, with which18 we are familiar.

Exact Fundamental Solutions and Frequency Equation
The uncoupledgoverningdifferentialequations(22) and (47) for

the in-planevibrationof curvednonuniformbeamscanbe expressed
as sixth-orderdifferentialequationswith variable coef� cients. It has
been shown that if the material and geometric properties of curved
beams are in arbitrary polynomial forms then the six exact, funda-
mental solutions of the governing characteristic differential equa-
tioncan beobtained.7 After substitutingthesefundamentalsolutions
into the associatedboundaryconditions, the frequencyequationand
natural frequencies of the beams can be obtained, consequently.

Conclusions
In this Note, by introducing two physical parameters, the anal-

ysis of the in-plane vibrations of nonuniform curved beams with
constant radius is simpli� ed. The explicit relations between the in-
plane � exural and the longitudinal displacements of the beam are
derived. With these explicit relations one only has to measure one
variableinsteadof two simultaneouslywhileperformingexperimen-
tal studies of curved beams. Hence, it greatly reduces the dif� culty
in experimentalmeasurements.In addition,the two coupledgovern-
ing differential equations are reduced to one complete sixth-order
ordinary differential equations with variable coef� cients in the in-
plane � exural displacement. Consequently, if the material and the
geometric properties of the beam are in arbitrary polynomial forms
then the exact vibration solutions of the system can be obtained.
Finally, a limiting study from the curved beam theory to the straight
beam theory is successfully revealed.

Appendix: Parameters
The forms of pv , p, g1 –g2, and a1–a5 are
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I. Introduction

S TRUCTURES made of composite materials often operate at
elevated temperatures. At these temperatures thermomechan-

ical stressing may occur. Composite structures that are thermally
stressed may buckle and postbuckle from subsequentapplicationof
elastic loads. It is, therefore, of interest to examine the postbuck-
ling behavior of structures made of composite materials that are
thermally stressed. Of particular interest is the effect of initial ther-
mal stressing to the subsequentpostbucklingbehaviorof composite
panels.The presentstudyconsiderstwo laminatedcompositeplates,
namely, an eight-layer.0=90=0=90/s cross-plylaminate and a eight-
layer quasi-isotropic.45=¡45=0=90/s composite plate. Both plates
are thermally stressed via the application of various temperatures.
Following thermal stressing an axial load is incrementally applied,
and the postbucklingbehavior is examined.

Some analytical and numerical studies concerning the behav-
ior of composite structures at elevated temperatures have been
reported.1¡5 Most of these studies, however, are concerned solely
with thermal buckling and postbuckling of composite plates. The
present study considers the laminated plates to be in a state of ther-
mal stressing before application of the elastic compressive loads.
The effect of initial thermal stressing to the � nal postbuckling be-
havior is assessed.

II. Computational Experiments
Figure 1 shows a laminated composite plate along with all geo-

metrical and material properties. The left edge of the plate cannot
move in the three directions, whereas for all other edges vertical
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Fig. 1 Laminated composite plate; geometrical and material data:
E1 = 150 GPa, E2 = E3 = 10 GPa, G12 = G13 = 6 GPa, º12 = º13 = º23 =
0:25, at1 = 2:5 £ £ 10¡ 8 ±C ¡ 1, at2 = 30 £ £ 10¡ 6 ±C ¡ 1, and hL = 3:125 £ £
10¡ 4 m.

Fig. 2 Comparison of present natural-modemethod with reported re-
sults [Rayleigh–Ritz method (Ref. 4)] for thermal postbuckling of three
composite plates.


